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Riemann $*^{\backslash }-$ $L$ Hecke
(Noda [3]) symmetric
square L-function $C^{\infty_{\mathrm{a}\mathrm{u}}}\mathrm{t}_{\mathrm{o}\mathrm{m}\mathrm{o}}\mathrm{r}\mathrm{p}1\dot{\mathrm{u}}\mathbb{C}$ forms





Riemann $.L.\text{ _{ } }$
2.
$Z_{\text{ }}k$ $S_{k}$ $\mathrm{S}\mathrm{L}_{2}(z)$ $k$
$f(z)= \sum_{n=1}^{\infty}a(n)e2\pi inz\in S_{k}$ Hecke
– Fourier 1 $\circ$ $f(z)$ symmetric square
$\mathrm{L}$-function Euler
$L_{2}(s, f)= \prod_{mp:prie}(1-\alpha_{p}^{2}p-\theta)-1(1-\alpha p\sqrt pp-S)^{-1}(1-\sqrt{}^{2-\theta}pp)^{-1}$
$\alpha_{\mathrm{P}}+\sqrt P=a(p)$ $\alpha_{p}\sqrt P=p^{k-}1$ Riemann $\zeta(s)$
. $\Delta_{k}(Z)=\sum\tau_{k}(\infty n)e2\pi inz\in S_{k}$ $\dim S_{k}=1$ $k=12,16,18,20,22$ , 26
$n=-\text{ _{ } }$ Hecke $\rho$
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$0<{\rm Re}(s)<1$ $\zeta(s)$ $L_{2}(s+k-1, \Delta_{k})$ $\zeta(2\rho)\neq 0$
$n$
$-\tau_{k}(n)\{\zeta(2\rho)\cdot 2-2\rho\pi^{-2}n^{1}-2\rho$ .$\frac{\Gamma(\rho)\Gamma(k)}{\Gamma(k-\rho)}\rho+\zeta(2\rho-1)\cdot 22\rho-2\pi^{-}\frac{1}{2}\cdot\frac{\Gamma(\rho-\frac{1}{2})\Gamma(k)}{\Gamma(k-1+\rho)}\}$
$.= \sum_{0<m<n}\tau k(m)\sigma 1-2_{\beta}(n-m)F(1-\rho, k-\rho;k;\frac{m}{n})$
$+ \sum_{n<m}(-\frac{n}{m})^{k-\rho}\mathcal{T}k(m)\sigma 1-2_{\beta}(n-m)F(1-\rho, k-\rho;k;\frac{n}{m})$
$F(a, b;C;Z)$ Gauss $\sigma_{s}(m)$ $m$ $s$
$T(n, k;\rho)$ $0<{\rm Re}( \rho)\leq\frac{1}{2}l_{-}’$
(A 1) ${\rm Re}( \rho)=\frac{1}{2}$ ,
(A 2) $T(n, k;\rho)=o(\mathcal{T}k(n))$ .
3. $L$ $c\infty$ automorphic forms
$H=\{z=x+\sqrt{-1}y|y>0\}$ $f(z)\in S_{k}$ Hecke
Rankin-Selberg method $L_{2}(s, f)$
(B.1) $L_{2}(s, f)= \frac{\zeta(2s-2k+2)}{\zeta(s-k+1)}\frac{(4\pi)^{s}}{\Gamma(s)}\int_{\mathrm{L}\mathrm{S}2(Z)\backslash H}|f(_{Z})|^{2}E(Z, s-k+1)y^{k}-2d_{Xdy}$
$H$ $E(z, s)$ Eisenstein
$E(z, s)= \frac{1}{2}\sum_{c,d\in^{z,(d}\mathrm{C},)=1}y|Sdcz+|^{-2}s$
$[4]_{\text{ }}$ Zagier [6] $L_{2}(s, f)$ s-
$\gamma=(_{cd}^{ab})\in \mathrm{S}\mathrm{L}_{2}(z)$ $z\in H$ $\gamma\langle z\rangle=(az+b)(cz+d)^{-1}$ $A_{k}$
$F$
(2.1) $F$ $H$ $C^{\infty}$ -
(2.2) $\gamma=(_{cd}^{ab})\in \mathrm{S}\mathrm{L}_{2}(Z)$ $F(\gamma\langle Z\rangle)=(cz+d)^{k}F(z)$
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$F$ $\mathrm{S}\mathrm{L}_{2}(Z)$ $k$ $C^{\infty}$ automorphic form $\epsilon>0$
$\int_{0}^{1}\int_{0}|F(z)\infty|y-e^{-\epsilon}dk2vydx<\infty$





$.\text{ }$ (Sturm [5]) $p\in A_{k}$ of bounded growth Fourier $F(z)= \sum_{n=1}\infty a(n, y)e^{2in}\pi x$
$k>2$
$c(n)=2\cdot(2\pi n)^{k1}-\mathrm{r}(k-1)-1_{\int_{0}a}\infty(n, y)e-2\pi nyk-2dyy$
$h(z)= \sum_{n=1}^{\infty}c.(n)e2\pi inz\in S_{k}$ $<g,$ $F>=<g,$ $h>$ $g\in S_{k}$
4.
(B.1) $f(z)E(Z,$ $s-$
$k+1)$ $C^{\infty}$ automorphic form $L_{2}(s, f)$
$\zeta(s)$ $L_{2}(s+k-1, f)$ $\rho$
$<f(z)E(_{Z},\rho),$ $f(_{Z})>=0$
$\dim S_{k}=1$ Sturm [3]
$g\in S_{k}$ $<g,$ $\Delta_{k}\cdot E(z, S)>=<g,$ $h>$ $h(z)=$




Siegel modular group $\mathrm{S}\mathrm{p}_{2m}(Z)$ standard
L-function (Andrianov [1]) B\"ocherer [2]
– $\mathrm{S}\mathrm{p}_{2}(z)=\mathrm{s}\mathrm{L}_{2}(z)$ $\mathrm{S}\mathrm{p}_{4}(Z)$
$\mathrm{S}\mathrm{L}_{2}(Z)$ symmetric square L-function degree 2
Siegel Eisenstein series Fourier - $\mathrm{S}\mathrm{p}_{4}(z)$
$L$ critical line Riemann critical line
– Saito-Kurokawa hifting (
1 ) Riemann degree 4 Siegel
Eisenstein series Fourier
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